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Abstract 

Starting from a manifestly Lorentz- and diffeomorphism-invariant classical ac¬ 
tion we perform a perturbative derivation of the gravitational anomalies for chiral 
bosons in 4n -|- 2 dimensions. The manifest classical invariance is achieved using 
a newly developed method based on a scalar auxiliary field and two new bosonic 
local symmetries. The resulting anomalies coincide with the ones predicted by the 
index theorem. In the two-dimensional case, moreover, we perform an exact covari¬ 
ant computation of the effective action for a chiral boson (a scalar) which is seen 
to coincide with the effective action for a two-dimensional complex Weyl-fermion. 
All these results support the quantum reliability of the new, at the classical level 
manifestly invariant, method. 
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1 Introduction 


For long time the main problem related with (anti)self-dual antisymmetric tensors of rank 
2n + 1 in 4n + 2 dimensions (chiral bosons), was the absence of a manifestly Lorentz- 
invariant action principle. Some time ago for two-dimensional chiral bosons Siegel |]l| 
proposed a manifestly invariant lagrangian which is, however, plagued by a quantum 
anomaly whose proper handling constitutes still a problematic feature of his approach. 
Apart from this feature, the most inconvenient aspect of this method, also in higher 
dimensions P], is that it produces the square of the self-duality equation of motion rather 
than the self-duality condition itself. This leads at the quantum level to problematic 
aspects due to the presence of second class constraints which have to be appropriately 
handled Q. 

Manifestly covariant actions for chiral bosons have also been constructed in using an 
infinite tower of Lagrange multipliers, in which case the problem is shifted to a consistent 
truncation of this tower. 

Another class of actions, which avoid all these problems, has been presented in 
i 0,i- The principal drawback of these actions is that they are not manifestly Lorentz- 
invariant, although being invariant under a set of modified transformations which satisfy 
the Lorentz algebra. When one couples these actions to gravity, due to this feature, they 
lack also manifest invariance under diffeomorphisms and a detailed analysis is needed to 
establish it . Clearly this non manifest invariance becomes even more problematic at the 
quantum level. Nevertheless, in 0, |^, using these actions the gravitational anomalies for 


chiral bosons have been derived and shown to coincide with the expected results |10|, pT 


In this paper we rederive the gravitational anomalies for chiral bosons in dn + 2 
dimensions using a newly developed lagrangian approach which, at the classical level, 
is manifestly invariant under Lorentz-transformations. This feature makes a manifestly 
diffeomorphism invariant coupling to gravity trivial: the minimal prescription just works. 
The method itself is based on a single scalar auxiliary field a{x) and on two new bosonic 
symmetries whose physical interpretation is very simple: the hrst symmetry allows to 
eliminate the auxiliary field and the second reduces the second order equation of motion 
for the antisymmetric tensor to the hrst order self-duality condition. 

At the classical level this new method appears to be very general. It proved compatible 
with all known symmetries, e.g. with global and local supersymmetry |l^, with 
K-symmetry and with manifest duality symmetry between p-form potentials in a 
generic space-time dimension D and their Hodge duals, {D — p — 2)-forms 0,11, 13; 
it is also consistent with (self)interacting chiral bosons |1l8|, [T^ and, as we will see in 
detail in section two, the two bosonic symmetries allow a simple control of the physical 
propagating degrees of freedom of the chiral bosons. Moreover, if one chooses a gauge 
hxing for the scalar held such that a{x) = where rim is a constant vector, one 

recovers the non-manifestly covariant formulations mentioned above: rim = (1,0,.. .,0) 
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leads to H, |, 0 and = (0, 0,..., 1) leads to [g. 

Due to these successes of the method at the classical level the most compelling question 
which remains is if it has some reliability also at the quantum level. For dimensions 
greater or equal than six, of course, this question is somehow academic due to non- 
renormalizability of the actions; in two dimensions, on the other side, the question is 
perfectly well suited and the expected results are known: e.g. the effective action for 
a chiral boson coupled to gravity should equal the effective action of a complex Weyl 
fermion. Moreover, the derivation of gravitational anomalies is a well suited issue also in 
higher dimensions, since anomalies are always hnite, and the expected results for chiral 
bosons are known 


The purpose of this paper is to perform a quantum check of the new method in these 
directions. In the next section we present the classical covariant action for chiral bosons in 
D = An+ 2 dimensions, interacting with an external gravitational held, and show that it 
gives rise, as equation of motion, to the self-duality condition for the held-strength. In this 
section we give also a self-contained account of the new covariant method itself. To avoid 
writing indices we will use mainly the language of forms. Section three is dedicated to a 
detailed analysis for chiral bosons in D = 2. We perform an exact covariant computation 
for the effective action and show that it equals, modulo local terms, the effective action of 
a complex Weyl fermion, computed in a diffeomorphism preserving framework (i.e. where 
the anomaly is shifted from diffeomorphisms to local Lorentz- and Weyl-transformations). 
A perturbative one-loop computation of the D = 2 anomaly is also performed to prepare 
the anomaly derivation in higher dimensions. In section four we derive the gravitational 
anomalies for chiral bosons in higher dimensions showing that the effective Feynman 
rules associated to our classical action coincide with the Feynman rules conjectured in 


which, in turn, led to the results predicted by the index theorem . This procedure 
requires, in particular, an appropriate gauge hxing of the two new bosonic symmetries 
mentioned above. Section hve is devoted to some concluding remarks. 


2 The classical action for chiral bosons 

The language we will use mainly in this paper is the language of differential forms. This 
will allow to keep the formulae compact, i.e. without writing explicitly indices, and 
to perform the relevant computations using only the algebra satished by the exterior 
differential d, the hodge-dual * and the interior product of a vector v with a p-form 
(see below). 

In particular we will write our classical action for chiral bosons in D = 2k + 2 di¬ 
mensions, with k even, as an integral over a D-form. Before doing that we state our 
conventions on forms and present the relevant identities. 
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We define the components of a p-form (pp as 

(pp = ■ ■ ■ dx^^(pn^...n^, 

p\ 

and correspondingly the exterior differential d = dx^dn begins to act on the right. The 
product between forms will always be the wedge product and the symbol A will be omitted. 
The interior product of a vector field v = v'^dn with a p-form is dehned by 

1 

= 7- 

(p-1)! 

and satisfies the same distribution law, iv{<Pp<Pq) = (ppiv(pq + {.~yiv{.(pp)4>q) as d. 
Introducing a metric on the space our convention for the Hodge-dual is 

*i<Pp) = 


where 


^(l^)ni-no-p = ' ' ' dnu- 




p77l£)_p 


y/9 

and g = —detgmn- Our flat metric is = (1, —1, • • •, —1) and 

The delta-operator, which sends a p-form in a (p — l)-form, is dehned as usual by 




6 = *d* . 


On a p-form the square of the Hodge-dual, in an even dimensional space-time as the ones 
considered here, satishes 


* 
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( 2 , 1 ) 


Using these properties and dehnitions one can prove the following operatorial identi¬ 
ties, which hold on any p-form and for any vector held v, and which will be frequently 
used in what follows: 


* iv 

= V * 

(2.2) 

iv* 

= — * V 

(2.3) 

ipV — vip 

= 

(2.4) 


= Dr^g^^Dn = 5d + d5. 

(2.5) 

With the one-form v we mean here 




V = dx^g^nv^, 



and = gmnV^^V^- Particularly useful will be the following decompositions of the identity 
I and of the ^-operator which follow from these identities: 


I 

* 

(1 - - *) 


^ -f- 

V 

if^(l + (-)^*) + vi,3l + 


( 2 . 6 ) 

(2.7) 

(- 1 )"). ( 2 . 8 ) 
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allows, in particular, to decompose every p-form uniquely into a component along 
V and a component orthogonal to v. 


We turn now to the construction of the action Chiral bosons are described by a 
fc-form B whose curvature, a (/c + l)~form, 

H = dB 

satishes as equation of motion the self-duality condition 

H = *H. (2.9) 

For dehniteness we treat here the case of a self-dual held strength, for an antiself-dual 
held strength the procedure is completely analogous. 

As anticipated in the introduction, in order to write an action in addition to B we 
introduce also an auxiliary scalar held a{x) and dehne the related one-form 

da 


V = 


^/g^'^dmadna 


= dx^Vn, 


which satishes 


= QmnV^V^ = 1 ; 


this leads, in particular, in (|2.b| ) - ( 1^.8| ) to the disappearance of the factor v'^. 

The action for a chiral boson in an external gravitational held depends now also on a 
and is given by 

S[B, a,g] = ^JvhH=^J{H*H-h*h), (2.10) 

where we dehned the fc-form 

h = 

The equality of the two expressions in this formula can be inferred from the dehnition of 
h and from the decomposition ( |2.6|) , which leads to 

H — *H = vh — *vh. (2-11) 

From the second way of writing S one sees that this action equals the action for 
non-chiral bosons, modulo a term which is proportional to the square of the self-duality 
condition ( [^.9| ). This particular form of the action is dictated by the symmetries it has. 
Under generic variations of B and a we get, in fact 


6S = f ivhd5B — -—;= ^ ^ zvhhdSa 


( 2 . 12 ) 


2 ^g^^dmadna 

From this formula it is easy to see that the action is invariant under the following local 
transformations {5g'^"‘ = 0): 

1 


5B = — _^ 

y/g^^dmadna 

6B = Afc_i da, 

5B = dEk-i, 


hip, 6a = if, 

da = 0, 
6a = 0. 


(2.13) 

(2.14) 

(2.15) 


1 ) 

2 ) 

3) 
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Here Sfc_i and Afc_i are {k — l)-form transformation parameters and (p is a scalar trans¬ 


formation parameter; nnder 2) and 3) the action is, actnally, also invariant under finite 


t r ansfor mat ions. 

The transformation 3) is nothing else than the usual gauge invariance for /c-forms, 
B appears in (|2.10|) , in fact, only through its field strength dB. The transformation 1) 
says that the auxiliary held a is a non propagating ’’pure gauge” held in that it can be 
transformed to any arbitrary value; due to its non-polynomial appearance in the action, 
however, mainly the appearance of the factor g'^'^dmO.dna at the denominator, it can not 
be set to zero. The transformation 2), instead, allows to reduce the equation of motion 
for B to (|2.9|) . To see this we read the equations of motion for a and B respectively from 


(HID 



(2.16) 

(2.17) 


0 , 


d{vh) = 0. (2.17) 


It can be directly checked that (|2.16|) is a consequence of (|2.17|) , as follows also from the 


fact that a is pure gauge. 


The general solution of ( p.l7|) , on the other hand, is given by 


(2.18) 


V h = dAk-ida 

for some {k — l)-form Afc_i. Since under a hnite transformation 2) we hnd 

V h ^ V h + dAk_i da, 


choosing Afc_i = Afc_i this transformation can be used to reduce ( 2.18 ) to 


h = 0. 


Due to (|2.11|) this is then equivalent to the self-duality equation of motion. 


This concludes the proof that our action describes correctly the dynamics of classical 
chiral bosons interacting with an external gravitational held. The (gauge-hxed) equation 


of motion we got, H = *H, is manifestly invariant and a-independent and has been 
obtained using the equations of motion and the symmetries of the action. In particular, 
for the symmetry 2) we used a rather unconventional ” gauge-hxing”. On the other hand, 
at the quantum level, in a functional integral approach, one can not make direct use of 
the equations of motion and needs conventional gauge-hxings, i.e. gauge hxings of the 
type f{B,a) = 0. In preparation of the quantum developments of sections three and four 
we present here such a set of gauge hxings and show that it leads to the correct number 
of physical degrees of freedom carried by chiral bosons in 2A; -|- 2 dimensions. 

We choose a hat metric = 77 ™'"' and hx the symmetries l)-3) according to 


h) a{x) = UiX^ 

2') inB = Q ^ = 0 

3') 5B = 0 <-*• d^'^Bi^i^ = 0, 
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(2.19) 

( 2 . 20 ) 
( 2 . 21 ) 
















where rii is a constant vector, normalized such that = 1. The gauge hxing for 

the symmetry 1) implies, in particular, that v = = dx'^ni = n. The choice 1') appears 

the most simplest and treatable one and breaks manifest Lorentz invariance; manifestly 
invariant gauge hxings for this symmetry do not seem to exist. 

For what concerns 2') we observe that (p.6|) allows to decompose B as 


B = —ninB + * nin * B 


and that the symmetry 2) shifts the component along n, the hrst one, by an arbitrary 
amount leaving the second one invariant. The choice 2') amounts then just to setting the 
component along n to zero. The gauge hxing for 3) is just the usual covariant Lorentz 
gauge. 

The gauge hxings 2') and 3') leave a ’’residual” invariance for which 

dresB T 


with the constraint 


z„(nAfc_i + dSfc-i) = 0 = d * + dT^k-i)- 

Using only 1') the equation of motion for B, becomes now 

{Tdn + T^)B = 0, (2.22) 

where dn = rddi operates only on the components of a form and the operator T, which 
sends a A;-form in a /c-form, is dehned by 

T = *nd = *dn = —in * d. (2.23) 

This operator, which on the components of a fc-form acts as a. kx k antisymmetric tensor, 
will play a central role in section four, so we present here its main properties. Viewed as a 
tensor, T is symmetric in the interchange of the two branches of k antisymmetric indices. 
Its square, using the algebra given above, can be computed to be (on an even form) 

= (5^ - □) + {ndn + d)6 - {n6 + dn)din- (2.24) 


Applying T again to this formula, due to (z„)^ = = 5^ = 0, only the hrst bracket 

contributes and one gets 



T^^(al-D)T, 

(2.25) 

which is the main formula. 

Also, on forms which satisfy 2') and 3') we have 



T^B={dl-D)B, 

(2.26) 

and (2.22) reduces to 


{dl-n)B = -TdnB. 

(2.27) 
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Squaring the operators appearing in this relation on the left and on the right hand side 
and using again ( p.26|) we obtain 


u{dl-u)B = Q. (2.28) 

The solution (5^ — n)B = 0 would imply TdnB = 0 and the solutions of this equation 
are ” pure gauge”, in the sense that they can be eliminated using the residual invariances 
given above. We remain therefore with the equation 


nB = 0, 


which describes massless excitations as expected. In this case (|2.27|) reduces to a constraint 
on the polarizations 

TB = -dnB. (2.29) 

Going to momentum space, Bi^...i^[x) —> 6j^...jj.(p), and choosing for example 


n* = (l,0,---,0), 


we split our indices into i = (0,a;). Then 2') implies that only space-like indices survive 
in the polarizations and our solution is characterized by 


PiP 




ai---Ofe 


bai---ak 


0 

0 

1 

-J^£ai---auPl---0k+l 


_ UP2---Pk+l 

b1 


(2.30) 

(2.31) 

(2.32) 


The third condition is just (|2.29|) 


in momentum space. One can easily count the 


independent polarizations which remain undetermined by these equations and 
is 1(1^, which is the correct number. 

This was just a check of the appropriateness of the the gauge hxings 10^3') 


prove to be very convenient also at the quantum level as we will see in section 


number of 
the result 

; they will 
four. 


3 Chiral bosons in D = 2 


In the two-dimensional case it is convenient to work with light-cone indices and to intro¬ 
duce light-cone zweibeins e!j_ to describe the metric 
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V9 


\ (e2ei + e\el) 
^ (ekei - eVek) . 


(3.1) 

(3.2) 


All vector indices can then be transformed to local Lorentz indices through V± = ekVj- 
For example d± = d±a = e^^dia and so on. 
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(3.3) 


The action ( p.lO ) can then be rewritten, in two dimensions, also as 

d+a, 


S[B, ~ 2 / {^+Bd-B 


d-a 


d.Bd.B , 


where B{x) is now a scalar held. This action is also invariant under local Weyl rescalings 
of the metric, as it should. 

The self-duality equation becomes in this case simply 


d_B = 0. 


(3.4) 


In the two-dimensional case the symmetry 3) becomes a global one, just the shift by a 
constant, and the symmetry 2) assumes a slightly different form. The action (|3.3|) is, in 
fact, invariant under the following two transformations: 


1) 

^B= (f, 

O-a 

6a = ip, 

(3.5) 

2) 

6B = A(a), 

6a = 0. 

(3.6) 


( |3.5|) is just the transformation 1) of the previous section, written in light-cone indices. In 
the transformation (p.6|) A(a) is an arbitrary function of a, so this is not a local symmetry 
but rather an inhnite set of global symmetries and at the quantum level it does not need 
a gauge-hxing. Nevertheless, it is needed at the classical level to obtain the self-duality 
relation (|3.4| ). To see this we observe that ( |2.17|) becomes in two dimensions (the equation 
for a is again a consequence of this one) 

e'^^di (vjV+d-B) = 0 , 

whose general solution is d-B = d-A{a). Performing a transformation 2), with A(a) = 
A(a), we get d-B = 0. 

We want now compute the effective action associated to (|0|), in an external grav¬ 
itational field. Since only the symmetry 1) needs a gauge fixing, formally this is given 
by 

g-r[e] _ JvBVa 5(a - Oq) , (3.7) 

where we introduced an arbitrary gauge-hxing function ao(x), and no Faddeev-Popov 
determinant arises. 

We evaluate P[e] in two steps. First we perform the functional integral over B 

g-r[e,a] ^ yp^g-S[i?,a,e]_ 

Since, as we will see, the symmetry 1) is anomaly freeQ one could expect that hiF[e, a] = 

/ (Px^ip = 0, which would imply that F[e,a] is, actually, independent of a. But in a 

^The BRST cohomology, associated to the symmetry 1), in the sector with ghost number one - which 
is the one related to possible anomalies - is presumably trivial. 









generic symmetry breaking regularization scheme^ one can have trivial anomalies, i.e. 
anomalies which have to be eliminated by subtracting hnite local counterterms. This 
will indeed be necessary in our case. After this subtraction we will perform the ftnal 
a-integration, which will then become trivial as we will see. 

The main point is to show that r[e] is, modulo local terms, independent of Uq and 
coincides with the effective action of a complex Weyl fermion. To this end we recall now 
some known results regarding the determinantes and effective actions for two-dimensional 
non-chiral bosons and complex Weyl fermions. 

The principal relation, for a generic metric e^, is the following 

— ^lndet{y/^g) = lndet{^/g^-) + In det {^/g^+) + loc. (3.9) 

The l.h.s. is the effective action for a non chiral boson and at the r.h.s. we have the sum 
of the effective actions for a left-handed and a right-handed complex Weyl fermion. The 
local terms depend on the regularizations. In a diffeomorphism preserving framework we 
have also the explicit expressions 


r±[e] = Indet {^d±) = ^ J d^x./g , (3.10) 

where 

D± = a±±n± (3.11) 

. (3.12) 


In this framework the local terms in (|3.9|) are proportional to / 

One more information we need is the anomaly carried by the chiral determinants ( p.lOl ) 
under finite Weyl rescalings 


r±[Ae] = r±[e] -1- [ d^Xy/glnX {UglnX =F 2lnXD^Vt±). (3.13) 

967r J 

The unique feature of this relation we will need is that under a hnite rescaling of the 
metric r±[e] changes by terms which are local in the scaling parameter and in the metric 
itself. 

The expected result for the effective action for chiral bosons is 


r|e] = r_[e], 


(3.14) 


modulo local terms. 

To prove this result we proceed as follows. We begin by rewriting the action ( p.3|) , in 
terms of a ftctitious metric, as 

1 


S|B,a,e] = -[ lexVOff’diBdjB, 


(3.15) 


^We will use a diffeomorphism preserving regularization which breaks local Lorentz transformations, 
Weyl transformations and the symmetry 1). 
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where the metric | + El^E^_^ is dehned by 


El = 

e*_ 

(3.16) 

E\ = 

i i 2 

e+ „ e_ = ■ djtt 

O-a O-a y/g 

(3.17) 

Vg = 

y/g- 

(3.18) 


The fact that the determinants of the two metrics coincide is a conseqnence of the general 
relation (^). The intermediate effective action r[e,a] can therefore be written in terms 
of the determinant of the laplacian associated to the hctitions metric 

-In det (^v/Gdg) 


r[e,a] = 


= Indet [y GE''_di] + Indet 

= r_[e] + r+[h;], 


GEld, 


(3.19) 

(3.20) 

(3.21) 

Here we nsed the general decomposition (|3.9|), applied to the metric G*h and the relations 


(|3.16|) , (|3.18|) . It remains to show that r+[£'] is local in the helds a, e. This can be shown 
using the fact that for a hnite rescaling r+[i?] changes by local terms 


r+[.E] = T+[E* = A.E] +loc. 


Choosing A = we get 
E*J = 


-E\ = 




d_a + (a_a)2 yg 

= {d.af^/G = {d_aY^ 
Q* = 






di [EWja) = 0 . 


(3.22) 

(3.23) 

(3.24) 


Since r_|_[i?*] is quadratic in see (p.l0|) , it vanishes, actually. We have therefore 

r[a, e] = r_[e] + rioc[a, e]. 


This proves, in particular, that the symmetry 1) is anomaly free. The symmetry breaking 
term Tiocia, e] is, in fact, local and has to be subtracted, as mentioned above. After 
this subtraction the integration over a in (|3.7|) is now trivial since the integrand is a- 
independent, apart from 6{a — Oq), and the result is r[e] = r_[e]. 

In practise, the functional integral in (|3.7]) can be evaluated as 


g-r[e] ^ J jyQ^-S[B,ao,e]^ 


(3.25) 


where hnally one has to subtract all (local) terms which depend on oq. 

This concludes the proof of (|3.14|) at a non-perturbative level and ensures, therefore, 
also that the gravitational anomaly carried by the chiral boson equals that of a complex 
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Weyl fermion, which is associated to the invariant polynomial ^tr{RR), in agreement 
with the index theorem for D = 2 chiral bosons, [0- 

Since in higher dimensions exact results for the effective actions are not available it is 
also instructive to perform a perturbative derivation of r[e]. This will allow us to gain 
some insight in the ingredients which are essential for a perturbative evaluation of the 
contribution to the effective action which is responsible for the anomaly also in higher 
dimensions. For the perturbative analysis a convenient starting point is (p.25|); so we will 


also gain a better understanding of how to deal with the non-manifestly covariant gauge 
hxings related with the particular choice of ao(x). 

For the perturbative expansion, like we did in the preceding section, we choose a class 
of gauge hxings parametrized by a constant vector Uj satisfying 

mrijr]'-^ = 1 , 

and set 

ao(x) = Ujxh 

In this case, since the effective action depends on oq only through ditto = Ui, the term 
Fioc[ao, e] becomes a local functional of only the metric, and F[e] in ( p.25|) can depend on 
rii only through local terms. 

We expand the metric around the hat one, 


h\ = 
R = 


n± = d± = 



(3.26) 


(3.27) 

i 

(3.28) 

1 — -(h+- + /i_ + ) + o{h^), 

(3.29) 

if h±± (from now on all light-cone indices 

are hat, e.g. 

— ^ J (fxBd- (d+ — B 


+ ^ J (fx (d+B — n^d-B^ h _ 



+ o(h^). 


(3.30) 


In the hrst line we have the kinetic term and in the second the interaction term with the 
metric. Since we are only interested in the h-h two-point function the higher order terms 
are not needed. We notice that from the interaction terms h__|_ and dropped out - 
this is a consequence of Weyl invariance - and that also decoupled. This is due to 
the fact that left-handed chiral bosons, are not coupled to this held in that its equation 
of motion is e^_djB = d^B + h^_djB = 0. The action S[B,tto,e] itself depends, actually, 
also on through the o(h^)-terms, but the ehective action depends only locally on it. 
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From (|3.30|) we can read vertices and propagators 


B{k) — B{k) propagator 
B{k) — h _(p) — B{1) vertex 



— n\k_) 

— n\k_)(l. 



(3.31) 

-^-W{k)W(l). 

(3.32) 


In the compntation of a one-loop Feynman diagram with N external h _helds these 

vertices and propagators appear always in the seqnence ■ ■ - V ■ P ■ V ■ P ■ ■ ■, and from 
(|3.31|) and (|3.32|) one sees that the factor {k+ — n^fc-) in the denominator of a propagator 
cancels always against a corresponding factor in an adjacent vertex. This means that the 
effective propagator rednces simply to which is the appropriate propagator for a chiral 
held in two dimensions. Moreover, since the vertex is factorized, the above seqnence can 
also be seen as a seqnence of bnilding blocks of the form 




1 A;+(/c+ — n\k-) 

2 F 



- 


(3.33) 


We see in particnlar that in the n-dependent term of this basic block the pole has can¬ 
celled. In the leading anomaly diagram, in the present case the two-point fnnction, this 
implies, for dimensional reasons, that the n-dependence will occnr only in local terms. 

For diagrams with more than two external h _-legs the n-dependence will occnr also in 

non-local terms; bnt, since these terms have one or more poles less, they will be can¬ 
celled by diagrams which originate from the o{h?) terms in (|3.30|) . For example, in the 
three-point fnnction n-dependent terms in which one pole cancelled lead to a contribntion 

to the effective action of the form / (Px dpy h^__{x)G{x — y)h _ (y), and these cancel 

against contribntions from the diagram with one vertex of the type (|3.32|) and one vertex 
of the type B{x)h‘^__{x)B{x). 

The two-point fnnction can now be easily evalnated. It is given by a Feynman diagram 
with jnst two of the above bnilding blocks ( p.33| ). 


r.(p) = I 


(fk /c+(/c+— ?7,^A:_)/_|_(/_|_ — n^/_) 

(^ 


(3.34) 


where I = p — k, and can be evalnated with standard methods. A qnick way to do it is 
to change coordinates from k± to K_ = k_, = /c+ — n^k_, and to define P_ = P-, 

P+ = p+ — n\p-. This leads to 


r M = i 

8 J ( 27 r )2 A' 2 (A- - P )2 ’ 

which gives, in dimensional regnlarization. 


r2(p) 


1 Pi 

1927r^ 


1 (pI 

1927r \p- 


+ Sn'lp'^ — nl_p 



(3.35) 
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As anticipated above, the n-dependence is only in the local terms, which have to be 
snbtracted, and the non-local term amonnts to a contribntion to the effective action 
given by 




1 1 
4 967r 


(f'xd+dj^h _ 


- 9+(9+h_ 

□ 


This coincides with the expansion of r_[e], see (|3.10|), np to local terms, since 


D+VL_ 


1 

2 


{d+d+h _ 


□ h+_) + o{h^). 


This conclndes the pertnrbative and non pertnrbative analysis of the effective action 
for chiral bosons based on the classical action O' Many of the featnres appearing 
in the two-dimensional case will arise also in higher dimensions, as we will see in the 
next section. One of the main points will be the determination of a convenient basic 
block, analogons to ( |3.33|) , and the determination of effective Feynman rnles. We will 
also enconnter a cancellation of factors between propagators and vertices, as happened 
with the ones in ( 11.31| ) and (|3.32| ). 

The appearance of the common factor — n\kJ) is, actnally, a conseqnence of the 
symmetry 2). Once one has chosen ao(a;) = njX*, the symmetry 2) rednces to a symmetry 
of the action S[B, oq, e]. This action is now still invariant nnder SB = A, bnt only for A’s 
which depend on x only throngh riiX^. The nniqne first order derivative operator which 
is invariant nnder snch transformations, dne to ?7,+n_ = 1, is indeed (9+ — n\d-)B, and 
this is the reason why it appears in ( 11.3U| ) in the kinetic and interaction terms. 

A similar role will be plaid in higher dimensions by the transformation 2) of the 
preceding section, which becomes then a trne local symmetry. 


4 Chiral bosons in 4n + 2 dimensions 


In this section we want to show that the leading anomaly diagram in D = 2k + 2 [k even) 
dimensions, compnted from onr classical action ( |2.10| ), coincides with the diagram, based 
on conjectnred Feynman rnles, which has been nsed by Alvarez-Ganme and Witten in 
[pT[| to determine the anomaly. This is a one-loop diagram with k + 2 external gravitons. 

We ontline first the procednre which has been adopted in []^ to conjectnre these Feyn¬ 
man rnles. One starts from an action for non-chiral bosons in D dimensions interacting 
with a gravitational field. This is simply given by (as an integral over a D-form) 


S[B,g] = --j H*H, 


(4.1) 


where H = dB. First one derives the Feynman rnles for non-chiral bosons writing the 
metric as 


h = r}ijh^\ 


(4.2) 

(4.3) 
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and expanding the action in powers of For notational reasons it is convenient to 
parametrize the symmetric matrix in terms of D vectors a = {!,■ ■ ■, D) snch that 


a 


This allows to introdnce D one-forms = dx'^Mai, and we nse the same notation 
for the associated vectors M^^di, since no confnsion conld arise. The indices i,j are now 
raised and lowered with the flat metric and in what follows the snm over a will always be 
nnderstood. This will allow ns to write compact expressions for vertices and propagators. 

With these notations the action (|4.1|) can be expanded as follows 


S[B,g] 


1 

2 


{B*nB + SB* 6B) 


0{h^). 


MIm ~ I * dB 


(4.4) 

(4.5) 

(4.6) 


The action ( |4.1| ) is invariant nnder the nsnal gange transformations for A:-form poten¬ 
tials; these can be hxed by adding to the action the ’’free” i.e. metric-independent term 
— ^ / SB * SB, and the propagator becomes then simply 


propagator 


1 

□ 


(4.7) 


For non-chiral bosons the BhB-vertex conld be read from ( |4.5|) . For chiral bosons the 
anthors of []^ conjectnred Feynman rnles for which the propagator is still given by ( |4.7| ) 
while, for what concerns the vertex, they inserted in ( |4.5| ) on dB the projector |(1 -|- *), 
i.e. they took as interaction term, instead of (^) the expression 


1 

2 


(1 + *) 

2 


dB 



(1 + *) 

2 


dB. 


(4.8) 


From this expression one can read the B{k)-h{p)-B{l) vertex which, schematically, is given 
by an expression of the form (it is convenient to keep the external leg inserted) 

F (^Mzm ~ 

which is a A: X A: antisymmetric tensor. In a one-loop diagram the seqnence ■ ■ -V-P-V-P ■ ■ ■ 
can then be written as 

■■■P (^Mim - P ■ i ■ r (mzm - .... 


From this one can extract a bnilding block which depends only on a single momentnm, 
say I 
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This is now a (A; + 1) x (A: + 1) antisymmetric tensor, so, turning to configuration space, 
it can be represented as a linear operator which sends a. {k + l)~form in a (A: + l)-form. 
Reinserting the appropriate contraction of indices this operator is given by 


^ /. 1 \ 1 , . d* d 1, . 

Bagw = — lyMiM — -hj -(1 + *) ^ -(1 — *). 


Since we have the operatorial identity 

1 


(1 + *) (^MIm — 2^ 2 ^^ + *) — 0 , 


(4.9) 


(4.10) 


and the one-loop diagram is now a chain of blocks ([4.9|) , the last projector in the block 
can be omitted. 

In the remaining part of this section we want now show that the action (p.lO ) leads 
to the same building block Bagw- 

Starting from this action, the effective action is obtained via a functional integral 
over B and a upon gauge fixing the local symmetries l)-3). For the symmetry 1) we 
proceed as in the perturbative treatment of the two-dimensional case, inserting the 5- 
function d{a — riiX^). Since also in higher dimensions the symmetry 1 ) is expected to be 
anomaly free, the effective action will depend on n only through local terms. 

For what concerns the symmetries 2) and 3), we use the gauge-fixings 2') and 3') of 
section two, but now with an appropriate weighting function f{b 2 , fos): 

= JvBVa J Vh S{a - niX^)6{inB - b2)6{5B - 63 ) 

= (4.11) 


where 


SnlB,g] = SlB,niX\g] + ^ J f(i^B,SB). 


(4.12) 


Here 62 and 63 are {k — l)-forms, f{b 2 .,bz) is a quadratic metric-independent function 
of these fields which parametrizes the gauge fixing terms (contractions are made with 
the fiat metric), and in the h-functions appearing in ( [4.11|) the terms inB and 5B are 
also constructed with the fiat metric. This implies that the gauge fixing term in (|4.12|) , 
\ f f {inB, SB), is metric independent and that no Faddeev-Popov determinants arise. 
For the moment / is left undetermined, we will make a convenient choice below. 

The gauge-fixed action Sn[B,g] can now be expanded in powers of and, using the 
same notation as above, one gets 


Sn[B, g]= - IJ{b* [Tdn + T^]B- f{t^B, 6B)) 


2 j 

o{h^) 


TB* 


MiM + -jh — {n- MY + (n ■ M) * Mn 


TB 


(4.13) 

(4.14) 

(4.15) 
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Here with (n • M^) we mean UiM^ and the operator T has been dehned in section two, 
(|2.23|) . It plays the same role as the differential operator {d+ — n\d-) in the two- 
dimensional case; for D = 2 it reduces, actually, apart from a constant, to this operator. 
Once one has chosen oq = nix\ the symmetry 2) reduces, indeed, to SB = nAk-i and 
it is precisely the combination TB = *ndB which is invariant under this reduced local 
symmetry and under the usual gauge transformation 3). 

We choose now the function / such that the kinetic operator in ( 4.13|) becomes as 
simple as possible. The explicit expression of the operator is given in (|2.24|) and it can 
be reduced simply to — □ upon choosing 


/(f' 2 , h) = db2 * db2 + b3*b3 + 262 * dnbs. 


With this choice one obtains for the kinetic term 


B * 


Tdr^ + T^ B-f{i^B,SB))=- 


where the gauge-hxed kinetic operator is 

n = d^-D + dnT. 


B * QB, 


(4.16) 


(4.17) 


It sends a fc-form in a fc-form and becomes, in momentum space, & k x k antisymmetric 
tensor. The B-B propagator P is just the inverse and can be easily computed using 
algebraic methods. The essential ingredient is the identity (p.25|) which implies that 
every power series in T, like can be reduced (in momentum space) to a polynomial 
in I, T and T^. In conhguration space the result is 


p = n-^ = 


32 




T2d2 


□ (s; 


(4,18) 


Since in the interaction term (|4.14|) B appears always as TB, what is actually needed in 
a Feynman diagram is the combination 


TPT ={dn-T)T- 


(4.19) 


which leads hnally to the cancellation of the unphysical pole and to the appearance 
of the massless physical pole i. 

Now we step to the problem of individuating a convenient building block for a one- 
loop Feynman diagram with a certain number of external gravitons, the one responsible 
for the gravitational anomaly carrying A; + 2 of them. 


If we indicate the operator between square brackets in ( [4.14|) with W = W{h), it sends 
a /c-form in a /c-form, the interaction term can be written as 


- y TH * WTB, 


(4.20) 


16 


















and the vertex-propagator sequence becomes, due to ([4.19|) , 


■ ■ ■ [TWT] P [TWT] ■■■ = ---TW{dn-T)T-WT 


□ 


(4.21) 


We can extract as building block 


-W (T-dn)T- = -W (T-dn)*d- n, 

□ □ 


or, equivalently, due to cyclicity 


S = -nW{T-dn)*d 


□ 


= —n W iT — ind — din) * d- 

r 

= —n W {T — ind) * d - n 


Wd*d- 


n. 


(4.22) 

(4.23) 

(4.24) 


We used the identity dn = ind + din in the hrst line and (|2.3|) to get the last line. 

In the sequel we will make repeated use of the identities (|2.2|) - (|2.5| ) with v = n, v'^ = 1. 

This block is written as an operator which sends a. {k + l)-form in a (A: + l)-form, 
as is realized by direct inspection, so in momentum space it becomes a (A; + 1) x (A; + 1) 
antisymmetric tensor, as does Bagw- In a one-loop diagram these blocks are multiplied 
by themselves; the term between square brackets in the last line carries a factor of n on 
each side, so one of these factors encounters necessarily another factor of n and, due to 
antisymmetry (or, due to the fact that the square of a one-form is zero), these terms drop 
all out. We remain therefore only with the first term in (^4.24|) . Inserting the dehnition of 
T, this can be written as 


B = nW z„(l + *) 


d* d 


Due to the appearance of the projector (1 + *), one can now eliminate the unique *- 
operator contained in W. After some algebra one hnds 


B = 


-nin (MiM - (1 + *) 


d* d 


(4.25) 


The appearance of the combination [mUm ~ in fhis formula, as well as in 
is due to Weyl-invariance at the linearized level, i.e. invariance under 5P^{x) = A(x)p®T 
In (f4.25|) , due to the identity ( [4.101 ), one can insert the projector 4(1 — *) after the 
operator n in and, due to cyclicity, one can replace ([4.25|) with 


B = 


— (^MiM — 2^ *) 

MiM ~ 2^ (!“!"*) ^ 
Min - ^(1 + *) 


d* d 


m, 


□ 

'd* d 1 


jd-*) 


( 1 -*) + 


ntr 


;(1 


(4.26) 

(4.27) 


d* d 1 
□ 2*-^ 


Mi 


M 


1 W 

-hj -(1 + *)m„-(l - *). 

(4.28) 
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In the second line we used (|2.5|) , for a flat metric, and in the third the identity (^) with 
p = A; + 1, which is odd. 

This is the formula for the building block which generalizes (|3.33|) to a generic dimen¬ 
sion, for D = 2 it reduces actually to that formula. 

Again we see that in the n-dependent term the pole (propagator) ^ cancelled out, so, 
as in the two-dimensional case, the n-dependence in these terms has to cancel against 
diagrams which contain vertices of the type For what concerns the leading 

part of the anomaly, these diagrams have one (or more) propagators less and they can 
not contribute to the anomaly 0, H- 

The hrst term in ([4.28|) coincides with (|4.9|) , and hence the gravitational anomalies 
derived from the classical action (|2.10|) coincide with the ones computed in |1T0| . 


5 Final remarks 


In this paper we proved that the gravitational anomalies derived from the classical man¬ 
ifestly invariant action for chiral bosons in 4n -|- 2 dimensions, proposed in [|^ , coincide 
with the expected ones. This supports the quantum reliability of the new method itself at 
the perturbative level. On the other hand, as all lagrangian formulations of theories with 
chiral bosons, the method is expected to be insufficient for what concerns the quantization 
of these actions on manifolds with non trivial topology ; see, however, also . 


In this paper we were concerned with diffeomorphism anomalies of the ABBJ-type, 
which are non trivial cocycles of the corresponding BRST operator, and exist only in 
4n -|- 2 dimensions (clearly they can be shifted to Lorentz-anomalies). In a generic even 
dimension, however, there exists also another class of diffeomorphism cocyclesQ, of the 
“Weyl-type”, which can be eliminated at the expense of Weyl-anomalies [^, if the 
corresponding theory is classically Weyl invariant (otherwise they become simply trivial 
diffeomorphism cocycles). The resulting inequivalent Weyl-cocycles, in four and six di¬ 
mensions, have been determined through a cohomological analysis in , see also ^ 


In four dimensions there are three of them and in six dimensions there are four. 

Our classical action for chiral bosons (p^.lUD is indeed invariant under local Weyl rescal¬ 


ings, —>■ , B ^ B, a ^ a] therefore one expects that, as in the two-dimensional 

case, the effective action r[g'] is plagued also by diffeomorphism anomalies of the Weyl- 
type, or, equivalently, by the Weyl-anomalies discussed in [^. Having at our disposal 
a classically manifestly invariant action principle for chiral bosons in an external grav¬ 
itational field could be essential in the determination of these anomalies, which, to our 
knowledge, for D > 2 are still unknown. In six dimensions, for example, this would amount 
to the determination of the coefficients of the four non trivial Weyl-cocycles mentioned 
above. In higher dimensions, even the form (and the number) of the non trivial cocycles 
''’None of these cocycles contains the e-tensor. 
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is unknown. 

The fact that the action (p.lOD gave rise to the correct ABBJ gravitational anomalies 
carried by chiral bosons, makes us hope that it can also prove useful to make some progress 
for what concerns the determination of their Weyl anomalies. 
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